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Abstract
We show that bouncing open or flat Friedmann-Robertson-Walker cosmologies are
inconsistent with worldsheet string theory to first approximation. Specifically, the
Virasoro constraint translates to the null energy condition in spacetime at leading
order in the alpha-prime expansion. Thus one must go beyond minimally-coupled
Einstein gravity in order to find bounce solutions.
I. INTRODUCTION
To evade the Big Bang singularity, cosmologists have often envisioned the existence of a
cosmological bounce, whereby the scale factor of the universe has a nonzero minimum, with
a contracting phase preceding the present expansionary era. This idea, which dates back at
least to the “Tolman wormhole” [1], has seen many contemporary reincarnations (see, e.g.,
[2, 3] and references therein).
However, to realize this scenario within the context of a flat or open Friedmann-
Robertson-Walker universe, Einstein’s equations require that the null energy condition be
violated. Consider an FRW universe in d+ 1 spacetime dimensions sourced by a fluid with
energy density ρ and pressure p, and with cosmological constant Λ. Einstein’s equations are
H2 =
16πGN
d(d− 1)ρ−
k
a2
+
2Λ
d(d− 1) (1)
H˙ = −8πGN
d− 1 (ρ+ p) +
k
a2
. (2)
Since H˙ = a¨
a
−H2, and H vanishes at the bounce, the left-hand side of (2) is equal to a¨
a
at
the moment of the bounce. Thus, for k 6= 1, positivity of a¨, which is a sufficient condition
for a bounce, requires that ρ+ p < 0, in violation of the NEC. This too-quick argument has
a tiny loophole: the strict positivity of a¨ at t = 0 (the moment of the bounce) is a sufficient
but not a necessary condition for a bounce to exist. For example, a scale factor that near
2the bounce was approximately quartic, rather than quadratic, would have even a¨ vanishing
at t = 0. To rule out hypothetical NEC-satisfying bounce solutions of this type and close
the loophole, consider a Taylor-expansion of the scale factor about t = 0:
a(t) ≈ a∗ + ct2n + ... . (3)
Here a∗ is the scale factor at the bounce and c is a strictly positive constant; the case of
interest is n > 1. Substituting into (2) gives
ρ+ p ≈ d− 1
8πGN
(
k
a2
∗
− 2n(2n− 1)ct2n−2 + ...
)
. (4)
Evidently, even though ρ+ p can be zero at the bounce (for k = 0), ρ+ p must be strictly
negative for arbitrarily small, nonzero t in order for a bounce solution to exist. The naive
conclusion therefore stands: to obtain a bouncing flat or open FRW cosmological solution
in Einstein gravity, it is necessary that the NEC be violated [4].1
Thus, in Einstein gravity, the possibility of flat or open bouncing cosmologies is intimately
connected to the status of the NEC. Let us therefore briefly review the energy conditions.
The energy conditions play a vitally important role in general relativity. They are the main
local constraints determining which solutions of Einstein’s equations are physical; without
the energy conditions, every metric would formally constitute an exact solution (at least
locally) to Einstein’s equations. Moreover, the validity of various energy conditions is the
primary assumption in the singularity theorems [5] as well as in no-go theorems that prohibit
the traversability of wormholes, the creation of laboratory universes [6], and the building of
time machines [7]. Perhaps most importantly, the energy conditions are invoked in black
hole thermodynamics, where they are used in proving that the area of a black hole event
horizon, like entropy, always increases [8]. The most fundamental of the energy conditions
is the null energy condition which, in its covariant formulation, states that at every point in
spacetime,
Tµνv
µvν ≥ 0 , (5)
1 Of course, for k = +1, bounce solutions that satisfy the NEC are easy to find, the simplest example of
which is just global de Sitter space with scale factor a(t) = 1√
bΛ
cosh(
√
bΛt) where b = 2/(d2− d). To rule
out this case as well, one needs the strong energy condition; however, we will not consider closed-universe
cosmologies here.
3for any light-like vector, vµ. The NEC is the weakest of the energy conditions in that a
violation of the NEC automatically implies a violation of the weak, dominant, and strong
energy conditions.
Now, the importance of the NEC stems essentially from the null version of Raychaudhuri’s
equation which governs the focussing of light rays. Raychaudhuri’s equation states that a
null geodesic congruence with affine parameter λ, expansion parameter θ, and shear σab
satisfies
dθ
dλ
= −1
2
θ2 − σabσab − Rµνvµvν , (6)
where we have ignored a vorticity term for simplicity. Thus if
Rµνv
µvν ≥ 0 , (7)
then every term on the right in Raychaudhuri’s equation is negative, which is the key re-
quirement in proving a number of gravitational theorems. The problem is that, at least
within the framework of general relativity, there is no compelling reason why (7), known as
the null or Ricci convergence condition, should hold. However, if Einstein’s equations are
used, then
Rµνv
µvν ≥ 0⇔ Tµνvµvν ≥ 0 . (8)
That is, if the null energy condition, (5), holds for matter, then the Ricci convergence
condition, (7), holds for geometry (and vice versa). Attention thus shifts to the matter
sector, described by quantum field theory. However, although (5) does hold for all familiar
forms of matter, it does not appear to have a rigorous derivation, say in the classical limit of
quantum field theory. Consequently, the validity of the NEC has been called into question
[9, 10]. Indeed, there are known nontrivial NEC-violating effective theories of matter, such as
conformal galileons and ghost condensates, which do not have ghost or gradient instabilities
or any other obvious pathologies as far as QFT goes. Cosmologists have exploited these new
theories of matter to obtain bouncing cosmological solutions to Einstein’s equations [11–15].
Thus it appears that there is neither an origin in general relativity of (7), nor an origin
in quantum field theory of (5). In fact, this is not altogether surprising. The distinction
between matter and gravity is not fundamental: in Kaluza-Klein compactifications, as well
as in changes of conformal frame, we see that what appears to be in the matter sector can
equally be regarded as being geometry, thereby transforming what we mean by the energy-
momentum tensor which in turn transforms the energy conditions [16]. A statement like (5)
4that applies only to matter is unlikely to be fundamental. Moreover, the overall sign of the
matter action does not have any meaning in quantum field theory. To obtain conditions like
(5) or (7), we should therefore look to a theory of both matter and gravity, for which the
overall sign of the matter action does have meaning since it is now a relative sign, relative
to that of the gravitational action.
Indeed, the Ricci convergence condition, (7), has recently been derived as a generic conse-
quence of string theory [17], a theory which of course does describe both matter and gravity.
The purpose of this paper is to point out the implications of that result for cosmological
bounces. An immediate corollary of the derivation is that open or flat bouncing cosmological
solutions of Einstein’s equations are not consistent with string theory. But the regimes in
which the derivation is obtained also reveal how the no-go theorem might potentially be
evaded. We will therefore briefly review the derivation.
II. DERIVATION OF THE RICCI CONVERGENCE CONDITION
Worldsheet string theory is described by a two-dimensional nonlinear sigma model in
which D scalar fields, Xµ(σ, τ) – we focus here on bosonic string theory – are minimally
coupled to two-dimensional Einstein gravity on the worldsheet. The Polyakov action for a
string propagating in flat space is
SP [X
µ, hab] = − 1
4πα′
∫
d2σ
√
−hhab∂aXµ∂bXνηµν − c
4π
∫
d2σ
√
−hRh , (9)
where Rh is the worldsheet Ricci scalar, and c is an arbitrary constant. The equation of
motion for the worldsheet metric, hab, is just Einstein’s equation in two dimensions:
0 = Twsab . (10)
Here the left-hand side is zero because the Einstein tensor vanishes identically in two di-
mensions, and Twsab is the energy-momentum tensor on the worldsheet:
Twsab ≡ −
2√−h
δSP
δhab
=
1
2πα′
(
∂aX
µ∂bX
νηµν − 1
2
hab(∂X)
2
)
. (11)
Switching to light-cone coordinates on the worldsheet,
σ± ≡ τ ± σ , (12)
5we see that the diagonal components of the worldsheet metric vanish:
hab =

 0 − 12
−1
2
0

 . (13)
The two-dimensional Einstein equation (10) then reads
0 = ∂+X
µ∂+X
νηµν , (14)
with a similar equation holding when + is replaced by −. These are the Virasoro constraints.
Defining a vector field vµ+ = ∂+X
µ(σ, τ), we find that
ηµνv
µ
+v
ν
+ = 0 , (15)
which is to say that vµ+ is a null vector field. The important point here is that worldsheet
string theory naturally singles out spacetime null vectors.
Next we will see how these lead to the Ricci convergence condition when the string
propagates in an arbitrary curved spacetime. The Polyakov action is now
SP [X
µ, hab] = − 1
4πα′
∫
d2σ
√−hhab∂aXµ∂bXνgµν(X)− 1
4π
∫
d2σ
√−hΦ(X)Rh . (16)
We have replaced the Minkowski metric ηµν by the general spacetime metric gµν(X). Con-
sistent with worldsheet diffeomorphism-invariance, we have also allowed there to be a scalar
field, Φ(X(τ, σ)), which is the dilaton field; we neglect the anti-symmetric Kalb-Ramond
field, Bµν , for simplicity.
We now perform a background field expansion Xµ(τ, σ) = Xµ0 (τ, σ) + Y
µ(τ, σ) where
X
µ
0 (τ, σ) is some solution of the classical equation of motion. Then, for every value of (τ, σ),
we can use standard field redefinitions [18, 19] to expand the metric in Riemann normal
coordinates about the spacetime point Xµ0 (τ, σ):
gµν(X) = ηµν − 1
3
Rµανβ(X0)Y
αY β − 1
6
∇ρRµανβ(X0)Y ρY αY β + ... . (17)
Contracted with ∂aX
µ∂aXν , the second and higher terms introduce quartic and higher terms
in the Lagrangian; spacetime curvature turns (16) into an interacting theory. The resultant
divergences can be cancelled by adding suitable counter-terms to the original Lagrangian.
Integrating out Y , the one-loop effective action is [18, 19]
S[Xµ0 , hab] = −
1
4πα′
∫
d2σ
√
−h (hab∂aXµ0 ∂bXν0 (ηµν + Cǫα′Rµν(X0))− α′CǫΦ(X0)Rh) .
(18)
6Here Cǫ is the divergent coefficient of the counter-terms.
In light-cone coordinates, the Virasoro constraint now reads
0 = ∂±X
µ
0 ∂±X
ν
0 (ηµν + Cǫα
′Rµν + 2Cǫα
′∇µ∇νΦ) . (19)
Consider then an arbitrary null vector vµ in the tangent plane of some arbitrary point in an
arbitrary spacetime. Let there be a test string passing through the given point with ∂+X
µ
equal to vµ at the point. Note that at every point Xµ0 (τ, σ) the spacetime metric gµν(X) is
just ηµν ; for a string passing through such a point, ∂+X
µ is therefore null with respect to
both ηµν and gµν(X). Defining v
µ
+ = ∂+X
µ as before, we find (15) at leading order in α′. At
the next order, we have
v
µ
+v
ν
+(Rµν + 2∇µ∇νΦ) = 0 . (20)
This is tantalizingly close to our form of the Ricci convergence condition, (7), except for two
differences: it is an equality, rather than an inequality, and there is an additional, unwanted
term involving the dilaton.
However, now we recall that the metric that appears in the worldsheet action is the
string-frame metric. We can transform to Einstein frame by defining:
gµν = e
4Φ
D−2gEµν . (21)
Then we find that
REµνv
µ
+v
ν
+ = +
4
D − 2(v
µ
+∇EµΦ)2 . (22)
The right-hand side is manifestly non-negative. Hence we have
REµνv
µ
+v
ν
+ ≥ 0 . (23)
This establishes the Ricci convergence condition, which is equivalent to the null energy
condition when Einstein’s equations hold.
In summary, the spacetime interpretation of the Virasoro constraint on the worldsheet
is precisely the Ricci convergence condition [17]. This result was obtained in the critical
number of spacetime dimensions (D = 26 for a bosonic string) because the worldsheet one-
loop effective action we used was for a string moving in the critical number of dimensions.
But it is easy to show that the Ricci convergence condition also holds in lower dimensions.
This is because, for a given compactification, it is straightforward to compute the lower-
dimensional Ricci tensor in terms of the higher-dimensional Ricci tensor. When this is
7done, the upshot is that, for both Kaluza-Klein and warped compactifications, if the Ricci
convergence condition holds inD dimensions, then it holds inD−1 dimensions [17]. Since we
have already established the Ricci convergence condition in the maximal (critical) number
of dimensions, it follows by induction that it holds in all lower dimensions.
III. IMPLICATIONS FOR BOUNCING COSMOLOGIES
We can now apply Rµνv
µvν ≥ 0 directly to a k 6= 1 FRW cosmology. In standard
Robertson-Walker coordinates, we have
(vt)2 = a2(t)~v2 , (24)
where va = (vt, ~v) is any null vector. Then we find that
Rµνv
µvν = ~v2a2(t)(d− 1)
(
−H˙ + k
a2
)
. (25)
Thus the Ricci convergence condition required by worldsheet string theory establishes that,
for k 6= 1, H˙ cannot be positive, thereby precluding a bounce solution. In summary, consis-
tency with string theory rules out open or flat bouncing FRW solutions in Einstein gravity,
independently of (so far unprovable) assumptions about matter satisfying the null energy
condition. The derivation of the Ricci convergence condition in string theory (or in its low-
energy limit, supergravity) shuts the door on the simplest kinds of bounce cosmologies, in
which some exotic NEC-violating matter field is minimally coupled to Einstein gravity. Such
solutions are not consistent with low-energy string theory.
But the derivation also reveals the limitations of the claim. In particular, we derived
the Ricci convergence condition while working to the lowest order in alpha prime and to
the lowest genus in the string genus expansion. In field theory language, these two regimes
correspond to working at leading order in the curvature expansion and at tree-level in the
loop expansion. Consider first the effect of radiative corrections. It is tempting to write
down the semi-classical Einstein equations:
Gµν = 8πGN〈Tµν〉 − Λgµν , (26)
where 〈Tµν〉 is the renormalized stress tensor of matter calculated in some state in a given
background. There is, to our knowledge, no rigorous derivation of such an equation starting
8from a theory that treats both gravity and matter quantum-mechanically. However, if such
an equation were to exist, it would offer the possibility of bounce solutions. The left-
hand side would still lead to the left-hand sides of (1) and (2), but the right-hand side
would presumably no longer obey the null energy condition even for matter that obeys it
classically. Indeed, the Casimir energy even for ordinary fields can cause 〈Tµν〉 to violate
the NEC. Although (26) appears plausibly true as a semi-classical approximation, it is not
obvious that it is consistent with string theory either. This is because (26) treats gravity
classically while treating matter quantum-mechanically. Yet in closed string theory, the
graviton is just another mode of the string, so such an unequal treatment of gravity and
matter is in tension, at the minimum, with the spirit of string theory.
The other, perhaps more promising, direction is to modify the geometric part of Einstein’s
equations. There are several ways this can be used to find bounces, such as non-minimal
coupling to matter [20] including kinetic-gravity braiding [21], massive gravity [22], or the
inclusion of torsion [23]. The most obvious extension is to add higher-curvature terms to the
gravitational equations [24, 25]. The presence of these terms is expected not only because
Einstein gravity is not renormalizable, but also because the low-energy effective action of
string theory naturally contains such terms at higher order in the alpha-prime expansion.
When higher-curvature terms are included, two things happen. First, the left-hand side of
(20) contains additional terms. Thus, the Virasoro constraint on the worldsheet no longer
translates to the Ricci convergence condition in spacetime, which is a necessary pre-condition
if flat or open FRW cosmologies are to have bounces. Second, since the geometric part of
Einstein’s equations is modified, (8) no longer holds; any new terms in the gravitational
equations that are not proportional to the metric break the equivalence between (7) and
(5). NEC violation then becomes neither necessary nor sufficient to having a cosmological
bounce solution to the gravitational equations of motion. Consequently, a bounce could
potentially be achieved by coupling gravity to ordinary matter, or even perhaps to no matter
at all. This is helpful because at present the known NEC-violating theories of matter are
themselves only non-renormalizable effective theories; they do not have a clear origin within
an ultraviolet-complete theory.
Finally, there could be implicit assumptions in our proof. (Of course one such assumption
is that the correct theory of matter and gravity is string theory.) For example, in (17) we
assumed that the metric can be expanded about the spacetime point Xµ0 (τ, σ) in Riemann
9normal coordinates, which is the case if there is an open coordinate patch around the point.
However, as noted in [17], that is not true if the point lies on a boundary of spacetime. Thus
potential NEC violations may be allowed if spacetime has a boundary. It is noteworthy in
this context that string theory contains orientifolds, extended objects with negative tension
which violate the NEC and which are non-dynamical branes that typically live on a boundary
of spacetime. These may have interesting applications to cosmology [26], including the search
for viable bounce solutions [27, 28].
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